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1. a) Let f : [0,1] — R be any continuous function. Show that f is
Riemann integrable. [5]

b) Also show that
1 1 n—1 .
— lim — J
/f(m)dw = lim — Zf (n>
0 3=0
[5]

2. Let f: R?> — R have total derivative the linear map A : R? — R at
0 = (0,0). Show that

a) 9£(0,0), 5(0,0) exist. (2]
fw)=f(0) . )

b lim —==—=exists for any vector and is Au. 2]

c) A: R? — R satisfies |Au| < || A|a||ul2 1]
d) Show that f is continuous at 0. a,b >0 2]
3.a)Let 0 <c<a+b. Showthatﬁé#‘a%—l%b. [4]
b) If (X, d) is a metric space, show that (X, m) is also a metric space
where m = #‘ld 2]

c¢) Let X, d,m as in (b) show that a, — ain (X,d) < a, — ain (X, m)

3

[3]
d) Show that (X, d) and (X, m) have the same family of open sets. [3]

4. Let (Xy,dy), (Xa,ds), (X1 X Xo,u) be metric spaces where

u((21,22), (a1, a2)) = \/[dy (21, 01)]? + [da(2, ap)]?

a) {(xy,a,)} is Cauchy in (X; X Xo,u) & {x,} is Cauchy in (X1, d)

and {a,} is Cauchy seq in (Xs,ds) 3]
b) (X; x Xo,u) is complete < (X1,d;) is complete and (Xs,ds) is
complete. 3]



. Let Ay, A5 be connected subsets of

a) (X, d) with A; N Ay # empty. Show that A; U Ay is connected. [4]
b) Show that {(z,y) : * +y* = 1} U[1,00) x {0} of R? is a connected
set. 3]

. a) Let (X, d) be compact. Show that (X, d) has a countable dense set.

[4]
b) Let (X, d) be compact. Show that d is bounded. 2]
. Show that [0,1] x [0,1] is a compact subset of R2. [7]

. Let (X, d) be compact. Then every closed subset of (X, d) is also com-
pact. 3]

. Show that f : (0,1) — R given by f(z) = sin() is not uniformly
continuous. 2]



